Abstract. This paper gives a partial desingularization construction for hyperkähler quotients and a criterion for the surjectivity of an analogue of the Kirwan map to the cohomology of hyperkähler quotients. This criterion is applied to some linear actions on hyperkähler vector spaces.
Introduction
Hyperkähler manifolds are manifolds M equipped with a Riemannian metric g and three independent complex structures i, j, k compatible with the metric which satisfy ij = k = −ji. They correspondingly have three symplectic forms ω 1 , ω 2 , ω 3 , or one real symplectic form ω 1 and one complex symplectic form ω C = ω 2 + iω 3 . Suppose a compact connected Lie group K acts on M preserving the metric and the symplectic forms. We say the action is Hamiltonian if there are moment maps µ i for each ω i . It has been an outstanding problem how much of the package of properties of Hamiltonian group actions on symplectic manifolds extends to hyperkähler quotients M///K := µ −1 (0)/K where µ = (µ 1 , µ 2 , µ 3 ). The first result of this paper is that the partial desingularization construction of [11] extends to hyperkähler quotients. For this, we fix a complex structure, say i, which gives us a holomorphic moment map µ C = µ 2 + √ −1µ 3 : M → k * ⊗ R C, and note that with respect to this complex structure M///K can be identified with the Kähler quotient of the complex subvariety W = µ −1
In [11] , a canonical way of partially resolving the singularities of the Kähler quotient M//K = µ −1 1 (0)/K is described. The most singular points of M//K correspond to the points in µ −1 1 (0) of largest stabilizer groups in K. We blow up M ss along the locus of points where the stabilizer has maximal dimension; this locus turns out to be smooth. Here M ss denotes the open subset of semistable points in M , in other words the set of points whose K C -orbit closure meets µ −1 1 (0). Let M 1 be the result of the blow-up. Then one finds that the maximal dimension of stabilizers on M ss 1 is strictly smaller than the corresponding maximal dimension on M ss . We repeat this process until we cannot find a semistable point whose stabilizer is infinite. The final result of this process is an analytic variety M ss //K which has at worst orbifold singularities, which we call the partial desingularization of the Kähler quotient.
In order to find a partial desingularization of a hyperkähler quotient, we take the proper transform W//K of W//K in M//K. By construction, we may describe W//K by the following blow-up process. Let H be the stabilizer of a point in µ −1 (0) = W ∩ µ −1 1 (0) for which the dimension is maximal possible among such, and let H 0 be the identity component of H. Let Z H0 be the fixed point set of H 0 in W . We blow up W ss along GZ ss H0 to get a variety W 1 . We repeat this process until, after finitely many steps, there are no semistable points with infinite stabilizers. Then we take the Kähler quotient of the resulting variety W . This is our partial desingularization W//K.
Since W = µ −1 C (0) can be very singular, it is by no means obvious why the proper transform W//K should have at worst orbifold singularities. However, we prove the following. The advantage of this partial desingularization construction is that it works even when the hyperkähler moment map µ has no central regular value close to zero (in contrast to the method given by perturbing the hyperkähler moment map by adding a central constant). The disadvantage, on the other hand, is that W//K does not inherit a hyperkähler structure everywhere, and depends (only) on the choice of complex structure i.
Next, we consider the restriction map, often called the Kirwan map, κ : H Here the norm is induced from a fixed K-invariant inner product on the Lie algebra k of K, which we will use to identify k with its dual throughout.
To deal with the first stage, we reproduce the following theorem of the third named author from [12, §5] .
Here, a function f is flow-closed if the gradient flow of f from any point is contained in a compact set. Because [12] contains errors and is unpublished, we provide a full corrected proof of Theorem 1.2 in this paper.
There still remain two major difficulties in this approach. The first is the convergence issue of the gradient flows of the norm squares of the moment maps (that is, whether the norm squares are flow-closed), and the second is that W is in general singular. We avoid the second difficulty by using a generic rotation of the hyperkähler frame of i, j, k. The three complex structures i, j, k give us in fact an S 2 -family of complex structures and the triple (i, j, k) is nothing but a choice of an orthonormal frame. We show that W = µ −1 C (0) is smooth if we use a frame which is general in the sense of Definition 4.3 and 0 is a regular value of µ; moreover, even when 0 is not a regular value of µ, for a general frame there are no non-minimal critical points of µ 1 2 in W . Together with Theorem 1.2, this enables us to formulate a criterion for surjectivity of κ.
When M is a quaternionic vector space V = H n and the action is linear, the flow-closedness of −||µ 1 || 2 follows from work of Sjamaar [19] . So we obtain Proposition 1.4. Let K act linearly on V = H n , and let µ C be the holomorphic moment map corresponding to a general choice of hyperkähler frame {i, j, k}. If − µ C 2 on V is flow-closed, then the restriction map
is surjective. Here H surjectivity of κ follows from the work of Konno [14] , where the cohomology ring of the hyperkähler quotient is computed explicitly. The layout of this paper is as follows. In §2 we review general results on hyperkähler quotients. In §3 we explain how to construct a partial desingularisation of a hyperkähler quotient by a series of blow-ups. In §4 we outline criteria for the surjectivity of the map κ from the equivariant cohomology of a hyperkähler manifold to the ordinary cohomology of the hyperkähler quotient. In §5 we reproduce the argument of [12, §5] which shows that − µ C 2 is equivariantly perfect if it is flow-closed. In §6 we apply this to hyperkähler quotients of linear actions on quaternionic vector spaces preserving the hyperkähler structure.
Hyperkähler quotients
In this section, we recall basic definitions and facts about hyperkähler quotients. Definition 2.1. A hyperkähler manifold is a Riemannian manifold (M, g) equipped with three complex structures i, j, k such that
i, j, k are orthogonal with respect to g, (3) i, j, k are parallel with respect to the Levi-Civita connection of g.
Remark 2.2.
(1) T p M ∼ = H n and so dim R M = 4n for some n ∈ Z. (2) There exists an S 2 -family of complex structures on M . Indeed, for any (a, b, c) ∈ R 3 with a 2 + b 2 + c 2 = 1, it is easy to see that ai + bj + ck is a complex structure on M . There exists a complex manifold Z (the 'twistor space' of M ) and a holomorphic map π : Z → P 1 ∼ = S 2 such that the fiber over (a, b, c) is the complex manifold (M, ai + bj + ck). (3) There exists an S 2 -family of (real) symplectic forms on M . Indeed, for each complex structure I in the S 2 -family described above, ω I (−, −) = g(−, I−) defines a symplectic form on M which is Kähler with respect to I. We let ω 1 , ω 2 , ω 3 denote the symplectic forms defined by i, j, k respectively. Remark 2.3. The complex valued two-form ω C = ω 2 + √ −1ω 3 is holomorphic symplectic, so a hyperkähler manifold is always a holomorphic symplectic manifold. A holomorphic symplectic manifold which is compact and Kähler always admits a hyperkähler metric, but this is not true in general for non-compact M .
Examples 2.4. Examples of hyperkähler manifolds include
(1) H n = T * C n and quotients of H n by discrete group actions; (2) K3 surfaces, Hilbert schemes of points on a K3 surface and generalized Kummer varieties. When X is a Kähler manifold, the cotangent bundle of X is holomorphic symplectic but is not necessarily hyperkähler.
Let K be a compact Lie group acting on a hyperkähler manifold M . Suppose that this action preserves the hyperkähler structure (g, i, j, k).
We say the action of K is Hamiltonian if a moment map exists. We call µ 1 the real moment map and µ C := µ 2 + √ −1µ 3 the complex moment map or holomorphic moment map with respect to the frame {i, j, k}. (1) Suppose that M = T * C n = C 2n and that the action of K = U (1) is given by λ(x, y) = (λx, λ −1 y) for x, y ∈ C n . Then up to the addition of constants we have
is an affine quadric hypersurface in C 2n and the
and K = U (n) acts on M in the natural way. Then the action is Hamiltonian with
and K = U (n) acting by conjugation. Then up to the addition of central constants we have
Let ρ : H → K be a homomorphism and let h be the Lie algebra of H. A moment map for the induced action of H on M is the composition M → k
of µ and the dual k * → h * of the tangent map of ρ. (5) Let M 1 , M 2 be two hyperkähler manifolds acted on by K in Hamiltonian fashion. Then the sum of the moment maps for M 1 and M 2 is a moment map for the diagonal action on the product
The quiver variety construction is similar [1, 17] .
defines a holomorphic symplectic form on O and µ C : O ֒→ g * is the complex moment map (cf. [16, 4] ).
Partial desingularization
Our first result in this paper allows us to construct a partial resolution of singularities of a hyperkähler quotient through a sequence of explicit blow-ups, which is closely related to the partial desingularization construction in [11] .
. We fix a preferred complex structure i so that
and view M as a complex manifold with respect to i, equipped with a holomorphic symplectic two-form ω C = ω 2 + √ −1ω 3 . The function
is holomorphic with respect to the complex structure i on M , and thus
is the Kähler quotient of W by the action of K. We can apply the partial desingularization construction of [11] to the Kähler quotient µ 1 −1 (0)/K of M by K with respect to the Kähler structure corresponding to i. This gives us a complex orbifold with a holomorphic surjection to µ 1 −1 (0)/K which restricts to an isomorphism over the open subset of µ 1
/K is the result of applying the partial desingularization construction of [11] to the complex subvariety W of M instead of M itself, and thus if W were nonsingular then it would follow immediately that W//K is a complex orbifold. However in general W is singular (indeed, if W is nonsingular then 0 is a regular value of µ and so no partial desingularization for M///K = µ −1 (0)/K is needed). Nonetheless, we will see in this section that W//K is always a complex orbifold: the blow-ups in its construction resolve the singularities coming from W at the same time as reducing the singularities created by the quotient construction to orbifold singularities. The construction of W//K given in [11] is as follows. Let H 0 be the identity component of the stabilizer of a point in µ −1 (0) = W ∩ µ 1 −1 (0) whose dimension is maximal possible among such, and let Z H0 be the fixed point set of H 0 in W . First we blow W ss up along GZ ss H0 , and give the resulting blow-up a Kähler structure which is a small perturbation of the pull-back of the Kähler structure on M restricted to W . Here W ss denote the open subset of semistable points x in W , i.e. the K C -orbit closure of x meets µ −1 1 (0). Then we repeat this process until, after finitely many steps, the points in the blow-up where the real moment map vanishes all have 0-dimensional stabilizers, and the resulting quotient is W//K. Equivalently, by [11, Lemma 3.11], we can construct W//K directly from the quotient W//K by a sequence of blow-ups. Item (1) is obvious since the blow-ups do not touch the orbits of x ∈ µ −1 1 (0) where dµ 1 is surjective. In order to prove that W//K has only orbifold singularities even though W is in general singular, we shall prove that the singularities of W are all quadratic (Theorem 3.6). Then we can deduce from the following lemma that after blowing up W as described in the previous paragraphs, we obtain a variety W which is nonsingular along the proper transform of µ −1 (0). It then follows immediately from [11] that the quotient W//K of W has at worst orbifold singularities.
Lemma 3.3. Let V ⊂ C n be a complex analytic variety defined only by homogeneous quadratic polynomials. Let π :Ṽ → V be the blow-up at 0. ThenṼ is isomorphic to a line bundle L = O E (2) over the exceptional divisor E = π −1 (0). In particular, E is normally nonsingular inṼ .
Proof. Let A 1 , · · · , A r be symmetric matrices such that the quadratic forms
C n → C n be the blow-up at 0 and consider the local chart
Then the blow-upṼ is the subvariety of C n defined bỹ
Since all the defining equations forṼ are independent of
Here E is the projective variety in P n−1 = PC n defined by the homogeneous polynomials f 1 , · · · , f r . It is an easy exercise to check that these local trivializations forṼ glue to give us the line bundle L = O E (2), which is the restriction of O P n−1 (2) to E. 
Then there exists an open neighborhood U
′ contained in U and a biholomorphic map f :
If a compact Lie group K acts on X with ω 0 , ω 1 , Y , U and ϕ t all K-equivariant, then f can be chosen to commute with the action of K.
Proof. The proof is an obvious modification of Weinstein's in [5] . Let ω t = ω 0 + tσ where σ = ω 1 − ω 0 . By assumption, σ is trivial on Y and dσ = 0. Let ξ t denote the vector field of ϕ t . Then
We define a holomorphic vector field η t on U by the equation ı(η t )ω t = −β. By shrinking U to a smaller open neighborhood U ′ if necessary, we can integrate η t to obtain biholomorphic maps f t : U ′ → X for 0 ≤ t ≤ 1. Then
Let x ∈ µ −1 (0), and note that if α, β, γ, δ ∈ k then α x , iβ x , jγ x and kδ x are mutually orthogonal, since, for example,
We next find a local model for a neighborhood of x in M . Let H be the stabilizer of x in K, so that the complexification H C is the stabilizer of x in the complexification G = K C , and let
Note that W is a quaternionic vector space with a linear action of
Then the holomorphic slice theorem in [18] tells us that
which is a hyperkähler manifold since it is a hyperkähler quotient of T * G × W by the action of H. By this quotient construction, we obtain a holomorphic symplectic form ω ′ C and a complex moment map 
In particular, the singularity of M///K at π(x) is precisely the hyperkähler quotient W///H of the vector space W.
In the simplest case when K = U (1) is the circle group, then it follows immediately from this theorem that the blow-up of W along the fixed point set of K is nonsingular, and hence W//K has only orbifold singularities. Proof. The hyperkähler moment map µ is locally constant on the K-fixed point set in M , so that Z H is a union of some of its connected components and hence is nonsingular. In the local model X, we can identify GZ H = Z H with 0 × W H where W H is the subspace of vectors fixed by H. Also W in this local model is 0 × (µ
is the product of an affine quadric cone and W H and so after the blow-up along Z H we obtain a complex manifold whose Kähler quotient W//K has only orbifold singularities.
In general for any compact group K, we can describe the singularities of W along the blow-up center of the first blow-up in the partial desingularization process as follows. Let H 0 be the identity component of the stabilizer of a point in µ −1 (0), whose dimension is maximal possible among such. Then GZ ss H0 , where Z H0 is the fixed point set of H 0 in W , is closed and nonsingular in a neighborhood of µ −1 (0). This follows from [11] Corollary 5.10 and Lemma 5.11 for the action of G on M , together with the local model of Theorem 3.6 and the fact that the hyperkähler moment map for the action of H 0 is locally constant on Z H0 .
By Theorem 3.6, we can locally identify GZ ss H0 with G × H C (0 × W H0 ) where W H0 is the subspace of vectors fixed by H 0 . Also W in this local model is
is the product of an affine quadric cone and W H0 and so after the blow-up along GZ ss H0 we obtain a line bundle along the exceptional divisor.
By induction on the dimension of H 0 , suppose we could resolve the singularities of the complement of GZ ss H0 by the partial desingularization process. Then we apply Remark 3.4 to conclude that W becomes smooth after the blow-ups in the partial desingularization process of M//K. Thus the proof of Theorem 3.1 is completed.
Remark 3.8. Note however that the construction of this partial desingularization M///K depends on the choice of preferred complex structure i, and M///K does not inherit a hyperkähler structure from that of M .
Remark 3.9. Another way to (partially) resolve the singularities of a hyperkähler quotient is to perturb the moment map by a small central element in k * . This is better in the sense that it gives us a partial desingularization which is hyperkähler again. However this resolution is possible only when the center contains regular values of the hyperkähler moment map and it does not apply to some examples, such as the moduli of Higgs bundles, or H n ⊗ sl(2)///SL(2). In fact, there are no hyperkähler resolutions for the latter singularity [7, 8] .
Remark 3.10. One can use the partial desingularization process to calculate the intersection cohomology of singular hyperkähler varieties, such as the moduli space of rank 2 semistable Higgs bundles with trivial determinant over a Riemann surface. See [9] for details.
Surjectivity criterion
In this section, we give a criterion for the surjectivity of the hyperkähler Kirwan map H * K (M ) → H * (M///K). Let M be a hyperkähler manifold 1 on which a compact connected Lie group K acts preserving the hyperkähler structure. Suppose we have a hyperkähler moment map µ = (µ 1 , µ C ) which takes values in k * ⊗ (R ⊕ C) = k * ⊗ R 3 for the action of K. Let T be a maximal torus of K. The following is a simple consequence of Mostow's theorem [13] .
Lemma 4.1. Consider the action of T on M and the stabilizers of points in M . Let T be the set of nontrivial subtori T ′ of T which are the identity components of the stabilizers of points in M . Then T is countable.
As a consequence, the set of connected components of the fixed point sets of T ′ for T ′ ∈ T is countable and we write it as {Z j | j ∈ Z ≥0 }. For each Z j let T j be the identity component of the stabilizer in T of a general point in Z j . The proof of this lemma is elementary and we omit it. Now for each j we choose γ j ∈ Lie(T j ) such that µ(Z j ), γ j = 0 whenever
We require no condition for γ j when ρ j = 0, in which case we have µ(Z j ), γ = 0 for any γ ∈ Lie(T j ).
1 A smooth manifold is a second countable Hausdorff space equipped with an atlas. It has at most countably many connected components. 2 This makes sense because all the orbit type strata have even real codimension.
Since µ(Z j ), γ j ∈ R 3 is nonzero whenever ρ j > 0, a general choice of hyperkähler frame {i, j, k} (being uncountably many) satisfies the following condition: µ(Z j ), γ j are not of the form (a, 0, 0) ∈ R 3 with a = 0 for all j with ρ j > 0, i.e. but µ 1 (x) = 0. Without loss of generality, replacing x with kx for some k ∈ K, we may assume µ 1 (x) ∈ Lie(T ) and x ∈ Z j for some j with Lie(Stab T x) = Lie(T j ). Let γ = µ 1 (x) ∈ Lie(T j ). Then µ 1 (Z j ), γ is a nonzero constant γ 2 . Hence ρ j > 0, so µ C (x) = 0 because µ C (x), γ j = µ C (Z j ), γ j = 0 by (4.1). This is a contradiction to x ∈ W . Therefore µ 1 (x) = 0 whenever x ∈ W is a critical point of µ 1 2 and hence all the points in W are semistable. If µ −1 (0) is smooth, all the stabilizers in G = K C of points in W are finite and hence dµ C is surjective and so W is smooth. 
Proof. The corollary follows from Theorem 5.1 below which says that − µ C 2 is equivariantly perfect if it is flow-closed. This theorem is proved in [12, §5] . Because [12] contains errors and is unpublished, we have reproduced an edited version of this section in Section 5.
By Theorem 5.1, the restriction map H * 
Thus we obtain the surjectivity.
We have proved 
is surjective. If furthermore 0 is a regular value of the hyperkähler moment map µ, then W = µ −1 C (0) is smooth and the map κ :
is surjective.
Remark 4.9. Suppose that {i, j, k} is a general hyperkähler frame satisfying conditions (1) and (2) of Theorem 4.8, so that the restriction map
is surjective, but suppose that 0 is not a regular value of the hyperkähler moment map µ. Then as in §3 we can construct a partial desingularization M///K =W ss /G of the hyperkähler quotient M///K with respect to the preferred complex structure i (where G = K C is the complexification of K andW ss is an open subset of a blow-up of W = µ −1 C (0)), and the blow-down map induces a map on K-equivariant cohomology
The intersection cohomology IH * (M///K) of M///K (with respect to the middle perversity and rational coefficients) is a direct summand of H * ( M///K) by the decomposition theorem of Beilinson, Bernstein, Deligne and Gabber [2, 6.2.5]. This direct decomposition is not in general canonical, but Woolf [20] shows that the partial desingularization construction (and more generally any G-stable resolution in the sense of [20, §3] ) can be used to define a projection
and also a projection
such that the composition of (4.5) with the canonical map from H *
agrees with the composition of (4.4) with (4.3). The argument of [20] uses the decomposition theorem at the level of the equivariant derived category (see [3, §5] ) as a decomposition of complexes of sheaves up to quasi-isomorphism, and it can be applied to M and restricted to its complex subvariety W = µ −1 C (0) to give a projection from the hypercohomology of the restriction to
since M is nonsingular) to the hypercohomology of the restriction to W//K = M///K of IC
• (M//K). We thus find that the partial desingularization construction gives us a map
which is the composition of (4.2), (4.3) and the projection (4.4) from H * ( M///K) onto IH * (M///K), and factorises through a surjection from H * K (M ) to the hypercohomology of the restriction to W//K = M///K of IC
• (M//K).
Morse flow of the norm square of the complex moment map
This section is a corrected version of part of the unpublished preprint [12] (mainly [12] §5). The proof of Lemma 5.6 differs from the original only because some minor errors (in particular an unimportant sign error) in [12] are corrected, and as a result the matrix in (5.5) differs by one sign from the matrix in [12] (first equation p. 35). The conclusion of §5 of [12] (that the norm square of the complex moment map is an equivariantly perfect Morse function) remains valid after these modifications. The proof of [12] Lemma 4.2 is, however, incorrect (as originally pointed out by Simon Donaldson), and the conclusions of [12, §4] are therefore invalid.
Consider the function f 23 : M → R defined by
For all x ∈ M we have
The purpose of this section is to prove the following. 
is K-equivariant with respect to the coadjoint action on k * and holomorphic with respect to the complex structure i on M . By (5.1) we have (β 3 ) x + i(β 2 ) x = 0, and so applying the derivative of µ C at x to this we obtain
Proof. Suppose gradf 23 (x) = 0. By Lemma 5.2 we have [β 2 , β 3 ] = 0, so
Then by (5.1) the result follows.
Suppose that gradf 23 (x) = 0. Then by (5.1), the Hessian H 23 of f 23 at x is represented via the metric as the self-adjoint endomorphism of T x M given by
for ξ ∈ T x M . Here β 2 = µ 2 (x) and β 3 = µ 3 (x) and (jβ 2 +kβ 3 )(ξ) denotes the action of jβ 2 +kβ 3 on T x M induced from the action of K and the fact that (jβ 2 +kβ 3 ) x = 0. As before let T be a maximal torus of K with Lie algebra t and for j = 2, 3 let B j be the set of β ∈ t * such that there is some x ∈ X with µ j (x) = β and β x = 0.
Remark 5.4. When M is compact then any β ∈ B j is the closest point to zero of the convex hull of a nonempty subset of the finite subset of t * which is the image under the T -moment map µ T j of the T -fixed point set in M (see [10] Lemma 3.13), and in particular B j is finite. In general it follows from the fact that ||µ j || 2 is a minimally degenerate Morse function in the sense of [10] that B j is at most countable.
Let B 23 be a set of representatives of the Weyl group orbits in
where Stab(β) denotes the stabilizer of β under the coadjoint action of K on k * ∼ = k. Let T β2β3 be the subtorus of T generated by β 2 and β 3 , and let
The argument of [10] Lemma 3.15 shows the following. 
Proof. Suppose gradf 23 (x) = 0. By Lemma 5.2 and Lemma 5.3 we have
Hence there exists k ∈ K such that µ 2 (kx) and µ 3 (kx) both lie in t and µ 2 (kx) kx = 0 = µ 3 (kx) kx .
Thus we have µ 2 (kx) = β 2 and µ 3 (kx) = β 3 for some (β 2 , β 3 ) ∈ B 2 × B 3 , and multiplying k by a suitable element of the normalizer of T in K we may assume that (β 2 , β 3 ) ∈ B 23 . The result follows.
To show that f 23 is a minimally degenerate Morse function in the sense of §11 of [10] , it is enough to find for each (β 2 , β 3 ) ∈ B 23 a locally closed submanifold R β2,β3 of M which contains C β2,β3 and has the following properties. R β2,β3 must be closed in a neighbourhood of C β2,β3 . Moreover there should be a smooth subbundle U of T M | R β 2 ,β 3 such that T M | R β 2 ,β 3 = U + T R β2,β3 and for each x ∈ C β2,β3 the restriction to U x of the Hessian H 23 of f 23 at x is nondegenerate. Then the normal bundle to R β2,β3 in M is isomorphic to a quotient of U and U splits near C β2,β3 as U + + U − where the restriction of the Hessian H 23 to U + x is positive definite and to U − x is negative definite for all x. One finds that the intersection of a small neighborhood of C β2,β3 in M with the image of U + under the exponential map Exp : T M → M satisfies the conditions for a minimizing manifold for f 23 along C β2,β3 . By [10] (4.21) for l = 2, 3 we have
3 (β 3 )) and KZ β2,β3 = K × Stab(β2,β3) Z β2,β3 near C β2,β3 . In particular KZ β2,β3 is smooth near C β2,β3 (cf. [10] Cor 4.11). If x ∈ Z β2,β3 then µ l (x) · β l = β l 2 for l = 2, 3 so f 23 (x) ≥ β 2 2 + β 3 2 with equality if and only if µ 2 (x) = β 2 and µ 3 (x) = β 3 .
Hence the restriction of f 23 to KZ β2,β3 takes its minimum value precisely on C β2,β3 . Thus to prove that f 23 is minimally degenerate it suffices to prove Lemma 5.6. For any x ∈ Z β2,β3 ∩ µ −1 which gives us
and thus H 2 ξ = 0 = H 3 ξ. Therefore, if Hξ = 0, ξ is tangent to the fixed point set of T β because µ are nondegenerate. Lemma 5.6 : It follows from Lemma 5.7 that the restriction of H 23 to V x is nondegenerate. Therefore it suffices to show that there is a complement W x to T x KZ β2,β3 in
Conclusion of Proof of
varying smoothly with x such that H 23 is nondegenerate on W x and W sx = s(W x ) for all s ∈ Stab(β 2 , β 3 ). For then we may take
From (5.2), we obtain
where A x : k → k is the self-adjoint endomorphism defined by
Hence, via the projection To identify the kernel of M, consider the set of (ξ, ζ, η) satisfying
where the matrix M ′ consists of the second, third and fourth rows and columns of the matrix M, in other words
For simplicity, write
The adjugate matrix
By left multiplying M ′ by its adjugate matrix, we obtain
Since A, B 2 and B 3 commute and A is self-adjoint while B 2 and B 3 are skewadjoint, these matrices can be simultaneously diagonalized with real and purely imaginary eigenvalues respectively. The Lie algebra stab(x) of the stabilizer of x in K is contained in stab(β 2 , β 3 ) = stab(β 2 ) ∩ stab(β 3 ) where stab(β i ) denotes the Lie algebra of Stabβ i . So the kernel of A is contained in the intersection of the kernel of B 2 and that of B 3 .
The equations given by the lower two rows of (5.7) tell us that ζ and η are in the intersection of the kernels of B 2 and B 3 . Now consider the equation determined by the top row:
The left hand side is the same as the 4 × 4 matrix which contains the left hand side of (5.7) as the lower right submatrix and whose other entries are zero. By comparing the third and fourth entries, we obtain ζ, η ∈ stab(β 2 , β 3 ). But then the second entry b of M(α, ξ, ζ, η)
t is zero by the definition of M. This implies that (A 2 + B 2 1 )b = 0 and so we obtain the equation (5.7), which tells us that ξ ∈ stab(β 2 , β 3 ) as well. Hence, (α, ξ, ζ, η) ∈ L as desired.
It is obvious from the commutativity of A (resp. B 1 ) with B 2 , B 3 that φ(L) ⊂ L. So we obtain the induced homomorphism
Henceφ is an isomorphism. The projection (5.4) maps L into T x KZ β2,β3 because Z β2,β3 is a Stab(β 2 , β 3 )-invariant hyperkähler submanifold. If we further compose (5.4) with the projection to the orthogonal complement W x of T x KZ β2,β3 , we obtain a commutative diagram
It is now obvious that the bottom arrow is an isomorphism. Therefore the restriction of H 23 to W x is nondegenerate. So the proof of Lemma 5.6 is complete by taking W x to be the orthogonal complement of T x KZ β2,β3 . This completes the proof that f 23 is a minimally degenerate Morse function and so we deduce that f 23 is an equivariantly perfect Morse function if it is flow-closed.
Hyperkähler quotients of quaternionic vector spaces
In this section we consider linear actions on hyperkähler vector spaces. Let V = C 2n = T * C n be a hyperkähler vector space. Suppose we have a Hamiltonian hyperkähler linear action of a compact Lie group K on V . Fix a general hyperkähler frame {i, j, k}. Let µ (resp. µ C ) be the hyperkähler (resp. complex) moment map for this action. From the surjectivity criterion in Section 4, we obtain the following. This proposition is relevant to Hilbert schemes of points in C 2 , ADHM spaces, hypertoric manifolds and quiver varieties, etc.
Proof. Sjamaar has proved that − µ 1 2 is flow-closed on V and hence on W = µ We believe that it is likely that the assumption on flow-closedness of − µ C 2 in Proposition 6.1 is always satisfied. Although it is purely a calculus problem, we do not know how to prove this conjecture, though we have managed to prove the circle case.
Remark 6.3. Certain other cases follow from the circle case. For example if the conjecture is true for the action of K 1 on V 1 and for the action of K 2 on V 2 then it is true for the action of K 1 × K 2 on V 1 ⊕ V 2 , so the conjecture follows for suitable torus actions. By direct computation, we know gradf = 2µ C ȳ x and gradρ = 2 x y .
If γ(t) ∈ µ −1 C (0) for some t then γ is constant and there is nothing to prove. So we assume γ(t) / ∈ µ If we denote by , the ordinary inner product of R 4n ∼ = C 2n , we have
gradρ, gradf = 8 Re µ C (x ·ȳ) = 8 Re µ C (μ C +c) = 8 Re (f +cµ C ) ≥ 8f − 8|c| f .
Therefore, grad(ρ + f ), gradf ≥ 8f + 2 f (ρ − 4|c|) and hence (ρ + √ f )(γ(t)) is decreasing whenever ρ = |x| 2 + |y| 2 ≥ 4|c|.
